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STU¥VARY -

Anelytical flutter studles were made for a two- R
dimensionsl fuel-losded wing model, and the results sre come —~—
pared with experimen}al results for bending-to-torsion L
frequency ratiocs near 1. Water, simuleting fuel, was
carried externslly in a geometrically scsled standsard nir-’ﬁ

plane fuel tank that was pylon-mounted s dlstence of acvout T

two and one-half times the tunk radius benesth the wing.

Some experimentsl results have been reported previously,.

The calculated flutter Speed results agreed well “ith e

experimental flutter speeds and flutter speed trends when

the analyslis employed effective values for the mass and mass _  _ ~ —

moment of Inertla together with slender-body sir forces on
the external tank, and when the combined structursl and
fluld damping wss considered to be zero, However, use of
even the smaller of the two damping coefficients in transle-
tion or pitch st zero alrspeed resulted in poorer sgreement f;f?':if

between theory and experiment,




CHAPTER T
INTRCDUCTION

fenersl remarks. Problems of sircraft performance,

stepllity, and control can be sald to fall into one of two
troad categories. One of these is the older study of the
behavlor of the saircraft and its varlous components in steady
or qussi-steady motion, in which only the action of sero- L
dynamic forces on rigld-bvody structures is considered. The

other category, whlch has mushroomed in size and 1Importsance 77:,,

In recent years with the rapld developmemts in hish-speed

filght, 1s concerned with problems involving unsteady motion,
whereln the time varisble and the elsstlclty of structursal

elements must be taken into account.

Cccupying a promin=nt position in the study of
unsteady phenomena 1s an Instsbllity known ss flutter. For
the sake of énlighteniqg'the reader who may be unfarmiliar
#ith this Instability, consider an elsstic body in still &air
‘disturbed from equilibrium by a momentsry external force, ”
The resultant response 1is characterized by harmonic oscilla-
tlons which progressively diminish in smplitude at u rste

that 1is coverned solely by the structursl damplng charecter-

istics of the body. when the same body Is similarly B

1’sturbed 1in = moving eirstream, the orcillations may dle

out more qulckly due to the retarding action csused by the ——




motion of the air across the body, or by what 1is known s
aerodynamié damplng., As the sir velocity Is inercsased, thei
rate of decay of thesertraﬁsient oscillaticns 1s also
increansed untlil, st s certsin alrspeed, 1t 1s possitle for
the rate of decay to resch & maximum. For a further Increase
In air veloclity the damping rate may decresse and, at some

critical velocity, bccome zero, at which time the oscilla- &

tlons are maintained ut constaqt amo]itude.

A sifua*ion of this Pind charanterizes & conditlon of _

flutter, in which the elastic dnd inertial forces, tosether

wlth the structural friction forces of the vibrating body o
Interact wlith the oscilldtin“ forces of the uir surrocunding
the body to produce the motion, It 1s possible to visualize

such a condition by imanining the aerodynanic and mechanical

forces to be arranred in the Porm of & trlangsle &s stown in
the followling dlagraml which also serves to locate flutter

relstive to certain other glrcraft problems and flelds of

study:

1 This concept was introduced by A. R. Collar in The
EXpanding Domain of Aeroelas ticlty, Journal of the Royal

Aeronautlical Socisty, Vol. L, pp. 613-636, Augnst 12,6,




Aerodynemlic
- forces =~

The dasred lines expanding and subdividing the trlangle of
forces into other triangles 1ndicute what kind of forces are ’“ji?;if
involved In these problems. Note thet flutter lies in tne R
center of the triungle, since sll three types of forces? sre
involved, whereas the other problems, each dependent on just
two types of forces, are locuted outslide the trisngle.

In the Intersction of the aerodynamlc, elastlc, and
Inertial forces to produce flutter the energy required to B —
mialntein the borderline coniition tetween damped snd undumpedrﬁ
oscillatlons 1s supplied entlirely by the sirstream rether
then by any conventional system of externally applled forces.
In this sense flutter 1s said to be self-excited. Due to
the oscillations, the aerodynamic forces are not, as in the f::::i::f

steady case, simple functlions of circulation (which

p o
The structural dampings or frictlon forces,

previously mentioned, sre here consldered to be part of the
eluastic forces: for detailed considersation on thls matter
see chapter IV and the anpandix.,

G T,
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determines the 1ift on the body) but are Instead dependent
on the Instantaneous position of the body (1.é., angcle of
attack to the direction of the moving alrstream), If the
crltlcal ulrspeed at which flutter occcurs 1s exceeded, the
aerodynamlc forces are capsble of overcomling the mechanlcul
restoring forces (or elastic forces) stored in the structure
to such an extent as to result In distortlion or destructlon
of the body.

The role of flutter has become p%rticularly con-
splcuous in the development of modern high-speed slircraft
which are elanstic todies of conslderatble structural
complexity, and in whieh many types of this Instabllity caun
erlst. Classicul flutter theory for alrplanes can treat the
entire cirplane ss an elastlc body whose motlon is described
by many degrees of freedom, or 1t can be conflned to a por-
tlon of the airplane structure in .which as few as two or

three degrees of freedom may be sufficlent to speclfy the

‘motion adequately. Of the ma Jor alrcraft components, those

whleh stl1ll continue to recelve the greatest attentlon form
the 1iftins surfuces and control surfaces of the alrplune,
The flutter of these componentsrinvolveﬁ the coupling of a
large number of degrees of freedom Including, principally,
bending and torsional motlons of a wing or tall surface
together wiphwthe motions of thelir respective control

surfaces,
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“here bending and torsion are the only freedoms which
interact to produce the motion of a wing (or stsbllizer) at
flutter, at any instant during the oscillation the torsional
displacement from equilibriunm lags the bending dlsplacement.
This lag in torsional displacement rermits an additionsl
11ft force to bve felt on every fore and aft strip of the
wing, due to the torslonal displacement, st any glven bendling
displacement during the complete cycle of the coupled
bending-torsion motion. 1In this manner the #1ng recelves
ener;y from the sirstream, [ —

As might be Inferred from the foregolng remerks, the
flutter charscteristics of a wing depend larcely on its R
mechenical propsrties. Of prime Importsance sre not only the
magnitudes but also the distributions of the elasstic and
lrnertial properties throughout the wing, With regard to the
Inertiel properties,'the effects of lumped or concentrated
masses, representing such items as nacelles, external fuel
tenks, and the 1like, hsave come to merit speclal study. Thlils
paper centers its attentlion on the effects &n externsl wing
fuel tank of varying mass and moment of 1inertia can have on I

classicual flexure-torsion flutter,

Purpose of the.investigation, It is the Intent of

this paper to compere theoreticel results with experimentul

results obtsined in the flutter‘of & simplified
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two-dimenslonsl model wing-tank confiyuration In which wuter,
similating fuel, wad crrried externally in a largze stream-
llned tank mounted beneuth the wing on a vertlcel strut, or

sylon. The investigation 1s mainly concerned with how

closely flutter speeds can be calculated for this confimra- B

tion on the basis of effective or averase values for the
mass, mass moment of inertia;rénd'fluid damping. In
additlon to those acting on the wing, the serodynamic forces
and moments actlng on the tank sre also incluled in the

calculatlons, and the effect of these edditional forces and

‘moments on flutter 1is explored as a secondsry objectlve of

the project.

Importance of study. The occurrencs of serious

dynamic Instabilities on a nuusber of eirplene crrrying lur.e
quantities of fuel in the wings has stimulated investigations
of the possible effects of the fuel motlon on the zeroelsst!c
teravior of the eirplans., Of particular concern Is the case
of fuel cerried externally in lerge streamlined tanks mounted
6lther in the plsane of the wing or on & verticsl pyloﬂ éoras
to be offset from the wing. Investigations of the effect of
fuel motion on aerocelastic Instabilities have made use of
both s011d welizhts and fluld to simulate fuel. Tris dQEI
representation 1s important because the lnertial properties

of the wing with fuel at rest (or imained frozen) ure known




to be different from the inertial properties of the wing

with the fuel disturbed by an oscillatory motion such as
flutter. It i3 further known thst tre amount of fluld
effective as mass snd mass moment of inertia In a tank
undergoing translatory and pltehing oscillations 1s renerally
less than the amount of fluild corresponding to the mass

and moment of inertia of the seme volune of flaiad in'the

tank st rest. The validity of seroslasfic studles, such as B
flutter, therefore depends to a lerge extent on how well the 7
dynamle lehevior of the fusl 1s reproduced by means of

effectlve values for the mass and mass moment of inertis,

Thesls orssnization, The next ckapter reviews previous

snd related work, snd succeeding chapters are devoted to the
subject of the thesls itself, The experimental program is
considersed first in chapter III =nd the theoretical study in
chapter IV, Results snd correlation of thecry with experi-
ment sre discussed in chapter V, and the entire investipation
1s summarized in chapter VI. Pertinent detalls reluting

ooth to theory =nd eéxperiment are discussed in an appendix, R




CHAPTER II
BACKAROUND N

The exorbltant fuel requirements of current high-
speed aircraft have forced deslgners not only to seek out _;;;;;i
every avallable space practlcably sulted to the location of
fuel within the alrcraft structure, but also to create

additlional fuel storage In large streamlined bodles mounted

outslde the airplane Iin such places as the wing tips or

beneath the wings on vertical struts or pylons. While the
shapes and sizes of these external stores have met aero-

dynamic and stabllity design requirements Insofar as “ff:iii
possible, the influence of fuel mobllity on the alrplane's
dynamic behavior has not, in general, been acdequately T
predictable for design purposes. Rather, instabilities due
to fuel motion have been dealt with as they have arisen 1in

completed conflgurations.”’ These difficulties have led to A

5 It 1s here noted that corrective measures for
troubles traceasble to flutter have been reported for a number
of alrplanes In Investigations which have not only contri- T
buted knowledge toward a better understanding of the problem o
tut have also been of such a character as to provoke further =
Inquiry in sreas where further work can still be profitably —
accomplished., The decislon to omit specific reference to L
these cases In the present psaper has therefore not been made )
with elither the avowed or implied intention of minimizing -
their value. But in the interests of natlionsl security,
Investigations closely linked wlth most current mllltsry and
naval airplanes ere of necessity placed beyond the reach of L
the general reader. Formal citatlon of thls work would, L
accordingly, Impose a similar restriction on the avallability -
of the present thesis which does not otherwlse need to be s0 o
classified. -

8




broader studles in which the dynamlcs of the fuel 1itself
hsve been examined apart from the effects of fuel motion on
the dynemic behavlor of the airplane, or on one of its ' '"i:i
structursl components,

A revlew of theoretical work on fluld dynamics reveals
that the most slgnificant contrivutlions have appesred at
wldely separated Intervsals of time. Within the past seven | R
or elght years a number of thecretlcsl studles have been
made of fluld motlon 1n tanks of simple shapes. The favorite
method of attack common to all of these studies has been the
use of simple mechanical anaglogles to Peﬁresent the compli-
cated fggl motlion. The essentisl elements of nearly all of
these snelogles rest on fundamental concepts of potential
flow theory as given by Sir Horuace Lamb.h On the besis of
the classic mathemstlical derivstions of thls eminent writer,
Grahem? in 1751 presented expresslions for the forces pro-
duced by fluid oscilluatlons in a statlonfry rectsngular tank,

in which the fluld is replaced by a fixed mass together with

in equlvelent pendulum to represent small oscillations of the

Lo e

Sir Horace Lsmb, Hydrodymamles, 6th ed., Dover R
Punllcitlons (New York), 1745,

> E. ¥. Graham, The Forces Produced in a Rectangular
Tank, Douglas Alrcrafc To., Trc., Report SM-I37,8,
A»ril 1751,
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free fluld surface. Thils work has been extended 1n a

subsequent paper6 in which mathematlicnl expressions are .
developed for the response of fluld in a rectangular tsnk to
simple harmonlc motlons in translation, oltch, &nd yew., 1In B
this case the equivalont mechanlcal system conslsted of a
fixed mass, and the free surface disturbaﬁces Were repre-
sented by & combination of linesr sgring-mass osclllators,
Further study of the use of the equivalent pendulum ta o
represent the fluid's dynamlc behavior has been made by  ——

[
Lorel],7 who hes shown this analogy to be & good approxima-

tion when the fluld is forced at frequencles close to 1ts -
nuturel fundamentsl frequency, 7';ifgff

Whereas feasi-le theoretical solutlons for the protlem
of flnld motllity fsll within the domaln of small oscilla- B
tlons, experimental inquiries hzve deslt with turbulence and
splashling in the search for quantitative Informstlon on the e
mecr.anlcal propertieé of the fluid. Until recently, general

Information of this kind had been conspicuously lacking., e

Within the past few yesrs this vold hes been peértlally,

é E. W. Grahem and A, M, Rodriguez, The Clisracteristlics
of Fuel Motlon ¥hich Affect Airplane Dynamicts, Douglas
Alrcrsft Co., Inc., Santa Monica, Celif., Report SVv-1L212,
Jovember 27, 1951,

7 e

Jacx Lorell, Forces Produced by Fuel Cscillstlions, —
Jet Propulsion Laboratory, Culifornia Instltute of Technology, =~ —
Progress Report No, 20-149, October 16, 1981,
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though substantlally, f1lled in three studles Involving the
use of slngle-iegree-of-freedom systems. Using two simpli-
fled model beam~tip tank systems, Merten snd Stephenson8

have obtalned data on the effective wei~ht and dsmpling of
sloshlng fluid in cylindrical and rectangular tanks at the
free ends of cantilever besams sub jected to bending motion,
For a number of d!fferent flulds tested, the effects of
fluid density and tank fullness were found to be significant,
whereas no apprecisble effects of fluld viscosity or tuank
shape were discernible, Subsequently, Wldmayer and Reese?

In a similar investigustion have messured effective rmoments

of inertia and have demonstrated nonlinear damping charucter-
istics in tip tahkg éﬁbjécted to pltchling oscillations.

These experiments showed the effective fluld moments of
Inertia to bve essentially Independent of tank fullness and
tank slze for centrslly mounted tanks., In addition, the
ratio of fluild to solid moment of Inertia Increased with

Increasing fineness ratlo, closely followlng trends predicted

Kenneth I, Merten snd Bertrangd H. Stephenson, Some
Dynamic Effects of Fuel Motion 1n Simplified Model Tip Tanks
on Suddenly Excited 2ending Cscllletions, Lan-ley
Aeronautical Laboratory, NACA TN 2769, September 1352.

? Edward Wldmeyer, Jr,, and James R. Reese, Moment of
Inertla and Damping of Fluld in Tanks Undergolng Pifcling
Osclllutions, Lengley Aeronautlical Leboratory, NACA
BM L52EO0le, June 11, 1353,
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by theoretlcal solutlons for full rectangular and elllpsoidal
tanks.lo Further experimentsl1 have shown, among other
things, & pronounced effect of tank fullness on the effective
moment of lnertla of fluld in pylon-mounted tanks. o
The influencs of fuel mobility on the dynamics of the
entire alrplane has been considered particularly important
In both stablllty ~nd flutter. In an extensive theoretical
stability study, Schy12 has derived the general equations of
motlion of an alrplane carrying fuel in & number of tanks.,
The fuel motion 1s approximated by the motion of simple T

pendulums, and the anelysls was applled both to a current

igh-speed &lrplane and tc a simplified free-flying model
carrying two large spherlcal tanks in the fuselage. It was
shown from these calculstions that #irplaene motlion can be R

greatly affected by the rstio of natural fuel frequency to

10 John W. Mlles, An Analogy Among Torsional Rigidity, —
Rotutling Fluid Inertis, and Self-Inductunce for an Infinlte
Cylinder, Journal of Aeronautlical 5clences, Vol., 13, No. 7,
July 94.6:

9L6, pp.377-%80. ) .

James R. Reese and John L. Sewall, Effective
Yoment of Irertla of Fluld in Offeet, Inclined, and Swept-
ving Tenks UnderzoTng PltchIng Osclilutlons, Lrnpley
Aeronatulcel Leboratory, YACA TN 3353, Juanuary 1955, e

12 e
Albert A. Schy, A Theoretlics]l Analysis of the

Effects of Fuel Motlon on Airplane Dynamics, WACATTN <260,
Junuary 1251. (Superseded vy NACA Reoort 1030, 1952.)
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natural alrplene freguency particularly wnen this frequency
ratio is unlty. The possibillity that fuel turbulence might
have a stubllizing influence on the airplone mdbtion 1s also
discussed. ILuskln and Lapinl3 have alsc studled the effects

of fuel on rigld alrplane stabllity by meens of the pendulum
analogy and have been specifically concerned with the effects

of fuel on longitudinal motion of the aifplane.

The effect of fluld oscillation snd splashing on

flutter has been the object of investigatlons similar to

those devoted to trounle-shooting but g%nerally of somewhat
broader scope, In the sense that they deal more with the

symptoms of flutter trcubles and less with the urgent search

for cures of these trouhiéé: WThese Investigations have in

common the use of models 1n which provision has been msade B
for the varlation of siznificent parameters. One such study

1s an experimental Investigation of flexure-alleron flutter
on & simplified model wing eguipned with an Integral tunk 1in

which water was used to simulute fuel.ld The tank w48 not

equipped with baffles, but the effect of baffles was

15 Harold Luskln and B1llls Lepin, An Analvticsl
Approach to the Fuel Sloshing and Ruffetlng Prob lems of
Alrcrafyt Qoupfas Alrcruft Co., Inc.,, Reoort S¥-1,0868,
June 195

1l
f 6. Scruton, Wing Flexure-Alleron Flutter Tests on
a ¥odel RLA.C, Winc Type 167, Asvonsutlicnl Resesrch Councid,
R. and M. No., 2450, October 16, 194,

1
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achleved through the use of solid welights whose 1nertlal
propertles approximated those of the water, Comparison of
flutter speeds obtained uvsing fluld with those found using
equlvalent solid welghts Indicated that the fluid loading
condition improved the flutter characteristics, thsat is,
somewhst higher flutter speeds were obtalned. The approach
of the inertial properties of fuel in a highly bsffled tank
to the inertial properties of equivalent solid weights has
been demonstrated by Becirley and Johnsonl in flexure-torsion
flutter tests on & model wing equipped with a vertically
offset (or underslung) tip tank, In which the fuel cavity
was dlvided Into a number of sesled compartments., These
experiments, which also included tests with welghts
simulating the fuel as a solid, revealed gradual changes 1in
flutter speed with variations in the chordwise locsatlion of
the tank and in the amount of fluld, but no appreclable o
effect attributable to fuel motlon was found. More recent |
studles by Gayman16 have embraced a somewhst similar test S

program on a semlwing flutter model with varlous centrally

15 Lawrence E. Beckley and H. Clay Johnson, Jr., An
Experimental Investlgation of the Flutter of a Tapered wling
‘1th Simulsated Engines, Tip Float ard Tip Tank. (For the S
Bureau of Aeronsutics, U, S, Navy), Massachusetts Institute R
of Technology, Contract No. NOa(s)7L92, November 15, 1247, —

16 wi11tam H, Gayman, An Investigstlion of the Effect
of & Verying Tip-weight Distributlon on the rlutter Charac-
teristics of & Stral Rt Wins, Journal of the Acronauticsl

Sclences, Vol1T 15, No. 5, M7 1952,
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mounted tlp tanks having single-compartment cylindricul fuel
cells, Here, although practical limitations inherent 1n the
test apparatus precluded flutter experiments with fluld in
the tanks, the simulstion of fluid inertial propertles by
meens of lesd welghts wes determined on e rutlionuel basts
which was supported by measurements of the pltching moments
of Inertla of water Iin a model fuel cell. The wing wsg
dynemicslly scaled from the wing of & current fizhter ailr-
plane so as to flutter within the speed range of the test
facllity used, and the investigationrwag m&inly concerned
wlth the an§1§y%%etri§ flutter mode. Results of these
flatter tests with fﬁéi simulated in the manner described
above revealed s pronounced effect on flutter speed over s
limlted range of fuel loading for which the ratio of bending-
to-torsion frequency ratio wss very neerly one., In one
series of tests, for exemple, the flutter speed was abruptly
reduced by as much as 50 per cent for s decresse 1n fuel
loading from 67 per cent to 56 per cent full.

A simllsr frequency ratio effect has slso been found
In & recent experimentsal investigationl? for & two-
dimensional wing configurstion equinped with a verticsl

strut or pylon to which wss mounted, beneath the wing, &

17 James R. Reese, Some Effects of I"luld in Pylon-
Mounted Tanks on Flutter, Lengley Aeronautlical Laborsatory,
NACA RV L55%10, July 19, 1255,




fitted with solid welghts ang baffles, The résults of thege
tests demonstrateg the usefulness of certaln previous fuel S
dynamics studies18 by showing that when a given volume of -

fluid in the tank was replaced by soligd bodtles whose inertia;yti;;%;:;

properties were équasl to effective values of thege properties

for the same volume of °scillating fluld, the model fluttered
Yt the same Speeds as 1t d1q with the fluild., The present

Investigation €03 one step further by corﬁelating these

100 Per cent full, 17he simplicity of the mode] énd apparatug o
tends to 1solate the effects of fuel motion on fluttep by
minimizing or ruling out altogethep certuain compliCating
4erodyni 1c ang structural effects inherently involved in
more reslistie wing structures, Speoifically, the confilgura-
tion is particularly'well-suited to the simplest application -
of flexure-torsion flutter theory because the assumption of
two-dimensional 4ir flow over the wing is more fully satig-

Tled and ‘recryse the structural behavior of the wing 1s

slmple enough ﬁb be adequately '€presented by Just two

degsrees of freedom, namely, vertical translstion (simuluting

bending) ang piteh (simulating torsion).

M“——._q——__

Merten sng Stephenson, ¥idmayer ang Reese, ang R
Reese ang Sewall, op. cit,




CHAPTER III

EXPERIVENTAL PROGRAM

This investiéation was Inltliated by & serles of

exreriments designed to fing out how certain properties

Important in slrcraft vibration and flutter were effected by

the erratic, slostin,; motion of fuel located in a me jor

gireraft structural Component, such as the wins., These

experiments were Implemented by the use of a slmplified two-

dimensional winz apparstus in which ¢ large streamlined tank

capable of holding fluid was pylon-mounted heneath a semi-~

ric-ld, untapered wing mounted on bending and torsional

Springs located outside an alrstream., The vibratory charse-

teristics of the model were measured both in still uir sang
&t alrspeeq, during flutter, for a complete rangce of fluid
loadings from empty to full. Most of the results of the
experimental pProgram have bvesn previously reported,l9 and
Someé of the results nesded for correlation with theoreticsal
results sre reported azaln In this chapter and Supported by
8 detailed description of pertinent feutures and detalls of
the experiments. 1In additlion, some previously unpublished

exverimental results of secondsry Iimportance are included,

Reese, op, cit., sce chspter IT,

17




E

| 1GER D

13

NODEL AND APPARATUS

The wihélfgnk 5sﬁfigurﬂt165magéd”in thié Investigation
1s shown in Flgure 1. Fluld wss carried externally in a
geometrlcally scaled standard alrplane fuel tank that was
pylon mounted a dlstance of about two and one-half times the

tank radius uenedth:the wing. The wing was of aluminum

alloy construction, 1nc1udin‘ a O 052 inch skin, except for
an internal hardwood core formed to the airfoil contour,
The center of the tank pylon was located above the center of
the tank midsection and was f stened t6 the wlng through a
bracket which permittéd chordwlse varlation of the fore snd
aft center-of- gravity position of the pylon -taenk sssembly.
Tables I and II 1ist some additional dstas for the model.

A schematic view of the gpparatus is shown in
Figure 2. Arrows indicate the dlirectlons of translational
and pltchlng degrees of freedom restrained by bending
(translational) and torsional (pitching) springs which were
mounted outslide the test section of the Lrngley 2- by L-Toot
flutter research tunnel. The stiffnesses of one set of
bending snd torsional springs were selected so thut the
uncceupled wing bending-to-torsion frequency rsutios for the
model contalning fuel passed through unity with increasing

tank fullness. Values for these spring stiffnesses are

rslven in Tsble I, A second sest of spring ‘stiffnesses listed
Es .l
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TABLr T.- CrRTAIN MODEL PARAMATERS

b ft L) . * . L2 1 ] L . * - - * * * . . . * L L] . . . O S
S’ ft . L L] . * . . * Ll L] L ] . . . L] L - L] L] 2 O
Airfoil section v e . e e e e e e e e e NACA 65-010
Maxlmum fuel depth, in . . e e e e e e e .19
Maximum external diameter of tank in. . . . 0. .25
Xgg» Per cent chord . . . . . . . . . .. L. L., L0
xcg, per cent chliord

Tank empty + + -« « o v e e e e e e e e e e 13.9

Tank full e 39.5

L 1b/ft e e e e e e e e e e e e e e e 2015
ko, ft-1b/raddan . . . . . . ... L L0 L. L. 343.5
‘ 20L .1
f', lb-secl/ft
Tenk empty . . . . . . . . . ... 000 0.40l
Tank fu%l . o . e e e e e
M, lb-sec</ft
Tank empty . . . . 4 0 o e e e e e e e e 0.2285
- Tank full e e e e e e e e e e e e e e e 0.E36
Ia, ft-1b sec?

Tank empty (Ta o) e e e e e e e ... 0.0309
Tank full .« « + « 4 v+ 4 v v v e e e e e e . .. 0.1505

fh’ cycles per second
Tank empty . . . . . . . . . ... 0. ... 11.2
Tank full . .+ « o o v o v b v e e e e e e - 8.36
fa, cycles per second
Tank empty . . . . . . . . . . 0. 16.7
Tank full e T7.22
&y emply L T 0.00C9
8> empty T 0.01¢
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TABLE II.- CERTAIN GECOMETRIC PROPrmRTI=S

(a) Tank ordinates.

Distance from
nose of tank r
(in.) (£t)
0 0
1.09 . 0658
2.03 .1016
Boul 01358
4.5 .15842
5.8 .168)
8.585 .1750
9.875 .1770
18.33 L1770
20.47 1716
23.77 .1275
27.18 062
30.3 0

(b) Volumetric properties.

OF eXTERJAI TANK

Tank center
of gravity er Vp It a
(per cent (ft) (rt)3 (rt)s
chord)
30 0.0158) 0.05415 x 0.01662 x
e .1158 .01570
50 2160 01586
60 .3160 01714
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In the table ylelded frequency rutlos grester than one for
the model fluttered without fuel over a range of fore and
aft center-of—gravity positions of the pylon-tsnk assembly
from 30 to 60 per cent of the wing chord aft of the wing
lesding edge.

The model was fluttered in sair at atmospherie v»ressure

with fuel loads simulated by water and ty solid welgchts,

The solid welghts were mounted Inside the tank.
ZFFECTIVE IVERTIAL PROPERTIES OF THE FUEL-LOADZD NMODEL

The appsratus was equipped with restraints so thet
the model could ve exclted, or vibrated, in one degree of
freedom indepeﬁdent.of the other. This was san importent
feature because 1t permitted the messurement of uncoupled
frequencies in either(pupgﬁ;;gnglation or pure pitch,

The se frequencles were obtained by Instanteneously
releasing the model from initial amplitudes. The resulting
responses were plcked up by reslstance wire straln gages
mounted on the bending and torsional springs as indlceted in
Flgure 2. The straein-gage sipgnals felt by these responses
were fed through s system of electrical bridges and
amplifiers into a recording oscillogrsph in which the slznals
were traced on photographic paper, The paths of the strain-

gage signals vzried sinusoldally with the length of paper
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(corresponding to increasine time), and the irequencies were
determined by countine the number of sinusoldal cycles for a
particular time interval.

The frequencies measured in this rianner were used to
determine the amount of rluid effective as mass and mase
moment of inertla during flutter by ap, lication of
essentlally the same technigue as that used in previous
experimental investigations of these properties.eo In order
to determine the best approximations to effective values of
mass and moment of inertia at flutter for the model con-
tainineg fluild, the frequencies read on the zero-alrspeed
vibration records covered the same range of amplitudes S
encountered duriﬁq flutter,

within readine accurscy these frequencles remained
very nearly constant over the time interval and corr. sponding
amplitude range chosen in esch case. This frequency
invarience should not, however, be recarded as being pen-
erally characteristic of vibrating confiecurations containing
fluld free to slosh or splash. Indeed, for one of the modlels

used in the experiments of Merten and Stephanson,21 there

20
Merten and Stephanson, Widmsyer ahd Reese, and
Reese and Sewall, op. cit,, chapter II.

ITvid.
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existed an apureclsaile cycle-ty-cycle frequency variation
throuzheut the time history of oscilleticns in bending
(equlvalent to verticsl translstlion) for esch Eest wilth &
sirple cylindrically shaped tank partly full. Althcough it
Is not resdily spparent #hy thls behavior was not encountered
in the experiments reported in this thesis, & possible
explanstion 1is that due to the cone-shasped ends of the
external tunk, the fluld may tend to follow the vertic:l
motlon of the tank, wheress in the cylindrically sheped tsank
the fluld 1s free to move along the streight verticul end
boundnries Independently of the motlon of the teny. Turther
studles would, of course, be reqilred to determine whether
or not this reasonin- s valid.

It 1s Intended by repested reference to effectlve
values to emvhasize the fact that the msss and moment of
Inertls of an osclllating tank containing fluid are different
from the mass and moment of inertls 'cf the tank contalining
the same volume of fluid st rest, cr in a so0lid cendltticon.
Indeed 1t has been s‘nown22 that effective values of these
propertles are generally less than the corresponding

"s0lld values," as cne mizht Intuitively expect them to oe.

22
Toid.
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The center-of--ravity variation with tank fullness 1s
shown in Figure 3. This variation is bsased on-experimental
values obtalned for the extremes of tank fullness rcpresented
by the symbols, and the stralsht line connecting the symbols
Indicstes that linesr interpolation was employed to obtain
centers of gravity for Intermediate fullnesses.

Figure L shows the varlation of effective mass and
FFlgure 5 the varlation of effective mass rmoment of inertia
with tank fullness. The data in both Figures have been
referred to the mass and moment of inertis of the tank-
empty conditlon for the model. Numerical values beslde the
points on the dotted curves and lines glve the amount of
fluld effective as mass and moment of inertis durins treans-
latory and pitehing oscillatiens, respectively. TIn obtaining
the data in Figure lj the varlation of the measured transls-
tional frequency with mass was first established for several
different solid weizhts mounted inside the empty tank. The
effective mass of the model containing & ¢lven amount of
fluid is then the empty mass plus the equivalent solld mass
corresponding te the trsnslational frequency measured for
that fluid load.

The method of determining the effective moments of
Inertls presented in Flgure 5 1s simllar to that used for

o

determining the effective masses presented in Firure .
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Trhe so0lld weights mounted inslde tie ennty tank werc —
desiined to the solld moments of fnertis of the fuel for
tank fullnesses up to 100 per cent, snd the varfation of
messured pitching frequency with these solid inertlas was
established, The effective moment of Inertla of the ncdel
contalning & ~iven amount of f1nid wss then found by
8dding the nodel-empty mcment of Inertls to the equivualent
solld mement of inertis coerresponilng to the measured —
pltehing frequency for that fIuld load. Values on the

solid curve in Flgure 5 were celeculated by numerically
intesrating the moment of inertis of the fluld over the
space bounded by the internal tank length, the free surfsace,

and the internal tank contours for 21l fullnesses., —
FVETFCODS OF WEASTRINA DAVPING CF MODRL

The damping of the model with ans wizhout fluld in
the tank was mesasured Dy two different methods. One of
these wes the so-cslled "decrement" method which was used -
to measure the damping of the model-empty end nodel-full
condltions, and the other was the frequency-response metrod
which was used to measurs tx damplng for 211 partlially

full conditions.
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Propressively divintshing surlitudes of siccess!lve
cycles of oscillation charscterire vithretlons nroduced

by the Instantrnenus release of en elestle bodr from &n .

Inftinl empllitude <md permit en evsluntleon of dsmpling of
thet hody by mesns of the decrement methed., In Lhis Inves-
tigstion the evelucrtion was based on the comrienly used
viscous damping concept (1.e,, damplng foree proportionsl -

to velocity) In which the envelcpe of the decaying awplitudes

In a clven osclllet!lon leads to the simnrle expression

21 Ao
Sj ™ log E; (1)

where £ 1s the structural dauping coefficlent in the

Ay -
J-th mode or degree of freedom and log Kg 1s the natursl
n

logarithm of the ratio of the initlsl smnlitude Ao to the -
finsl amplitude A, after n cycles of oscillutlon. Thls fT
expression usually ¥nown ss the logarithnle dr:crement,
should be =pnliled to vortions of the record;d response for
anhlich the velues of Ao to A, fall In a stral-ht 1ine
when plotted to & logarithmic scsle s-ainst cycle number.
Danplng based on the frequency-resronse zethod ls
deterrmined by fercing en elsstic body at a freguency equsal

to its nstursl frequency, Jsing the equetlon of s single-
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degree-cf-fresdom systen sutjected to o ferced viiraticn,

N z .
Scanlan angd Rosenbaumzi Nave srhown thetb

A
@
N | R_ (2)
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fiere vy 1s the rutio of the viscous damplng coefficlent
for the O0sclllatory case to the critical vlisccus damping
coefflclent, or tre doefficient corresponiing to the condi-
tion which sepcrotes oscillatory motion from nonoscllintory
motion. The Quantity R 1is tuhe retlo of the wezk response
{or amplitude) of the system at rescnznecce (l.e., when the
forcing frequency equals the nutursl frequency) to the
respcnse forrg foreing frequency less tion the resonunt
frequency. Tre term 4w ls the frequency difference which,
on & plot of response agslast fregquency, glves the wprexi-

mate wldth of the respense peak in Lhe vicinity of rescnunt

1%

frequency W« Making use of the relutions w, - Wy = =
R >

end y = Egj, 6lso derived by these writers,zh equation (2)

may be written sas follows:

23
Robert P, Scanlan ang Iicbert Rozenovsum, Introduc-
tlon to the Stqu of Aircraft V’nrat ‘on and qutter
Waciii1T.m Cec., T 51, chepter 17

———— —
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resonance to the statilc response for wy = 0. For large

where R = or the ratlo of the dynamic response at

values of R this expression reduces to

) (4)

The damping coefficlents for Intermediate tank fullnesses

were determined from this relation.
FLUTTER TESTING TECHNIGQUE

The vibratory characteristics of the wing-tank
system In a moving alirstream were studieé in the Langley
2- by lj-foot flutter research tunnel et atmospheric pres-
sure. The mcdel was mounted horizontslly In the test.
section as shown 1in Figure 2. The primi object of these
tests was to find the flutter speed, as defined in the
'irst chapter, for several tank fuel loads ranging from

empty to full.
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The flutter speed for each fuel load was determlined from
the serodynsmlc conditions in the tunnel. The frejuency
at flutter 1s the same for both translatlon (bending) and
piltchlng (torsion) components of the oscillation and wsas
measured from the straln-gage traces on the oscillograph
records. Because of the suddenness and glolence with
whlch flutter 1s expected to occur, the critlical flutter
speed must be established and all the necesssry informatlon
reccrded as instantly as possible. The airspeesd is then
qulckly reduced In an effort to save the mcdel from destruc-
tion and svert damage to the wind tunnel. This quick
action was Imperatlve In the present investigatlon when-
ever the model was fluttered without fluid but was unneces-
sery In the tests with fluid in the tank due to the unususl
nature of the flutter response during these tests.

Flutter dats were obtalned with the center of gravity
of the pylon-tank assembly located iIn four different posi-
tlons ranging from 30 to 60 per cent of the wing chord aft
of the wing leading edse. For all flutter tests with fluld
In the tenk, this position was fixed at {0 per cent of the
wing chord aft of the wing leading edge.

The flutter test procedure for each fuel loading

condition may be summarized as follows:
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At zero uslrspeed the trensluatlion asnd pltching

1'
of the m>del were obtsined by Instunte-

na«turesl frequencles
neously releasing 1t from init!lsl smplltudes as descrived In

a prevlious section.,.
Next the tunnel ailrspeed was Iincreased steadily

For this model 1t

2.
1 was attained,
this speed Incresse

until & flutter condltlion
wss necessary tc disturb the model during

by frequently tapping or strliking pert of the appsratus out-

slde the sirstresm in order to eliminate the influence of
This

frictlion in the bvearing (see Figure 2) on fluatter,
to obtaln

part of the procedure was necessary in order

reveatable flutter spesds.
As soon as flutter was recognlzed, the tunnel

7,

aerodynamlc conditlons needed te determine flutter speed

and alr density were recorded and the beniing and torslonal

osclllations reproduced on the recording oscillograph.
the tunnel

with the desired informutlon obtalned

i
alrspeed was qulckly reduced In cuses of violent flutter.
in which the flutter amplitudes

Increase

PS4

For cases of m!1ld flutter,
S, i1t was posslitle tc

were limlted by fluld sloshing
the alrspecd Into the unstable reglon snd repeat the

nrevious step, .
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EXPERIMoNTAL RecULTS

The experimental raszults reported hereln supplement
those reported by Reese25 for the tank without baffles.
These results are 1féted iﬁwféhiéWiIf; Asmpreviously noted,
the dampine coefficlents for all partlally fall conditicns
were determined from frequency-response curves obtuined at
zero alrspeed. The correspondine translatlonsal and pitching
flutter amplltudes are also listed Iin the Tatle.

The flutter speeds elven in the Table are shown,
referred to tﬁémﬁank-emptyf%fﬁfter sbééag'in Figuro 6 as

functions of the tank fullness. Values of the frequuncey
Wh
Wq

“ratlo are shown aloneside the data points., The

26

has been dlscussed previously und 1s mentioned apaln 1In a
subsequent section of the present paper. This strong
frequcncy-ratlio effect on flutter speed is not only of
practlic:1 importance iIn realistic confirirations but has
also been encountered in such confiecurztions, as, for

exemple, in the case of the dynamlc-1lly scaled wing-tlp.

tank rcdel of Gaymaﬁ's27 investipation.

25
Reese, op. cit.

Ibid.
willlam H. Gayman, op. ¢it., chepter II.



The llmliting effect of fluld turbulence on flutter
amplitudes hus slso heen discussed prevlously28 and is

€Xamlned further In the present paper. As Tevle T1I(s) - -

stows, the mecdel fluttered over a wide speed ran;ze and a
correspondingly limited émplitude range for all partlally
full conditions. Motice, however, thst the flatter ampli-
tudes consistently Iincressed with furtker incresse of aip-
speed for tsnk fullnesses ranging from 25 to 75 per cent
full, wheress, for grester fullnesses the amplitudes tended

to reach a pesk and thereafter consistertly decrensed with

Increasing speed. This vehavlor may be seen more clesrly 1n

Figure 7 in which the translationsl and ~ltehing components

of the flutter emplitudes are shown ss functions of alrspeed

for the u5, 90, and 35 per cent full conditions. Values of

the damping coefficients n and  pgg corresponding to the

flutter amplitudes are shown beside the dats polnts. As
noted in Table III(a) (footnote b) with the tank 75 per cent
full, the model ©ssentlally stopped fluttering when the
pitching amplitude vecume 0° und tre translatlional amplitude

wes barely visible., Thus, there dppeésars to be s closed or

bounded flutter reglon for this Ca8€. On the basls of this

experlience and of the pltehing amplitude trends for the

other two fuel] loads, 1t wrga vossible by extrapol=ation

<6 R
KReese, op. clt, ———

——




41
(Indicsnted by the broken curve) to esteblish closed flutter
reglons for these cases slso. The upper flutter speed
boundary determined in thls manner 1s shown in Flgure 6 in
terms of the tank-empty flutter speed and can be seen to be
anywhere from 62 to 77 per cent hlgher tran the lower flutter
speed boundary.

In addltion to the fuel loud studies, flutter tests

were also conducted for the empty external tank located at a
few other chordwise center-of-;ravity positions., A different
set of bendling anA torsional springs was used, and the fre-
quency ratios obtained;ﬁéjé;greater than one. The results
of these tests are giveh in Table TII{r).and shown as a

function of X5 in Pigure 8., The range of X, vslues

corresponds to a rangerofrqénk ¢c.z. positions from 30 to

60 per cent of the wing chord aft of the wing leadliny edre.
The damping coeffliclents are pased on logarltnmlc decrements
of the amplitude decays cdf;é;;gnding to the nst.ral fre-
quencles llsted In the table. As wss to be expected, the
range of forwsrd center~-of-gravity positions ut which flutter

could be obteined was limited by the dlverence speed boundsry.



CHAPTELR TV
ANMALYTTCAL 371IDY

The experimental work reported In the precedin: chapter

was followed by an analytical study which waes unilertaken for

tihe purposerof dégéfm;n!ng how closely the experisentsl 1 t-
ter speeds and flutter frequencles of the simplified wln--tank
conficuraticn could be reproduced by ap.lication of clussicel
oending-~torsion flutter theory. The chief feature of thils
application was the manrer in whic,, the dynanlc cehavior of
the fuel was accounted for. This was done by using effective
veélues to approximate the Inertial properties of the fuel /1n
g fluld condition) and by Introducin, comblred structursl

énd fluld damping according te a com-only used agsunptlior. .
Tre method of flutter analysis used was the sc-called
Rayleish-Ritz method in wricr tle bighly coupled flutter
motion 18 represented by g combineticn cof serles expars’'ons
Invelvin: derress of freed-r clven by the natursl rodes of
vibretlo:n 1~ berdin~ and tors!on. Tue aerodynamic forcss

and mcrents assumed to the actine o the :cdel at flutter

were obtelned hy simol- adiiny tre forces a~d noments derived
for the wing o the onasls or two-dlmensional incompressitle
flow theory to those derived for the externsl tank by appll-
catlion of slerder-cody theory. The metiod &nd application

of the flutter eénalysis tozether wit™ the results of flutter

L3
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caiculrtions are ,resznte? and dlscuscod ‘n this chupter,

T=nortent dets1ls of the anslysis are Iven in en sppendlix.

VIETHOD AND APPLICATTCN OF TER ANALYSIS

As previously noted, the flutter wmotion (or flatter
mnde s 1t will be termed neresfter) 1s upproximote: oy a
comblnatlon of the nulural rodes of vicratlon in bending

«nd terslon, wWith the use of sereralized coordlnetes this

4

comvinatlion may be wrltten ss follows for the bendin;: snd

b

torsionsl componernts of the flutter mode at o particiolar

spenwlse position vy:

hir,t) =/ nyle)fgey) t5)

3]

aly,t)

whiere hj{t) and aj{t) are generallzed coordiinst-s of the

J=th mode =and express, respectivaly, the verticanl displece~
nent of s point on the torsisnsl or rot:l’on ax1s%Y nd the
anmuaizr displacensnt or rotution - tcutbt thet axic., The

functlons holy) wnd a:

-

J y) «rs modzl functlons which must

be multinlield by the coerresponiling genernlized coordinstes

— ey

29
Thils 1s mecre often roeferred to as the eloastic sxls.
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in order to loc:te the Instantaneois poslition of y in
spice. For a iven elsstlie structurs the distrioutlions of
these functions slowng the spsn _lve the dlstortion or shape
of th: structure in the Jj-th mode.

As 1s indicated 1In Flgure 2 for Lt he wmodel used in
this Investigation, the wing woas stift enou;h in the span-
wise30 Jlpection to be consldered rli-1d or undeformable In
thxnt directlon. Hence, ﬂj(y) and dj(y; could e exch
taken egual to unity. Woreover, for all practlicusl parpos<s
tne bending «nl tersionsl springs esch Lenhoved us single-
de ree-of ~-freedom systems so that § In the feregjoing
gqustion ecrld slso Le taken ns nne.Bl #ith these siaplifl-

catlons the flutter mcde was repressnted by

30
The approach to chordwise rlgidlty s more or less
lmpiled In the desigunation of aj; &s a function only of the
apanwise direction.

it
s
With respe~t to the bending straps shown in

Figure 2, thls ststement may not ve strictly correcct since
these straps ure cantilever bezms for wrich an inflnite num-
ber of vinrabtion modes exlat. ‘lowever, It was felt that the
frequencles of mnodes i 1lgher than the first were so far beyond
nhe range of experimentsal flutter frequencles a3 to have =a
neglliszible effect 1f Inclnded In the flutter calculatlons.
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The equ2tions of motion of the model ot flutter were obtuined
for these two coordinates from Lugrange's equatlions ss 1s
skown in the sppendix,

The generallzed forces and moments are glven by the
oscllletory aerodynamlc forces and moments assurned to be
acting on the system at flutter., DBecause the wing wes
untapered 1n the”spanwise directlion, the cerodynamic forces
and moments acting on the wing could be more truly reproduced
by use of the two-dimenslonal lncompressible flow coeffl-
clents derlved in terms of Bessel functions by Theodorsen.- <
Oscllleting serodynamlc forces 2nd moments actinz on the
external tank were taken Into account by applicatlon of
slender-body theory to obtaln expressions from which aerody-
namle coefficlents for the tsnk were derived as shown in the
appendlx. The term "slender-body" identifles a basslc assump-
tlon used in the derlvatlion of these tank forces and moments,

nanely, that the cross flow, or flow between and perallel to

32
See Theodore Theodorsen, Genersl Theory of Aerody=-
nemle Instabllity snd Mechanlsm of FIutter, WaCa Kep. 406,
1935. "‘
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planes normsl to the airstream, 1s considered two almen-
sional.,33 Tre aerodynemic coefflclents for the wing were
simnly sdded to the serodynamic coefficients for the external
ank to obtaln the aerodynumic ccefficlents for the complete
coﬂfiguration.

From solutions of the equstlons of motlon for the
conditicn of simple harronic motion 1s obtalned the determl-
nantal stztlllty equation whiech leads to the analyticul
flutter speed and flutter frequency, ss 1ls &also shown 1n the

sgppendirx. This stabllity equatlon ylelds & polynomial in
j% with complex coefflclients, w belng the frequency. The

serodynemic terms Included In these coefficlents are computed

for a particulsr velue of the reduced wave len th % = ;&.
4

Accordingl the rocots L whiich ere 1ln genersl complex
& y: 2’ & ¥ ’
W

correspond to a particulsr value of %- If the flutter

frequency ls required to be a real snd positive quantity,

tiren the stebllity equation mey be separated Into two

33

. Thils assumptlon 1s bsaslic to the impulse-nomentum
meéthod, due to Munk, for determining aserodynamle forces &nd
moments actlng on & slender body (th+t 1s, & body having &
high fineness rutlo). Thls method is dependent on the con-
cept of Impulslve pressure for determining the force imparted
to fluld surrounding & body due to a momentary ucceleration
of the body In the directlon of the force. These meatters
sre reviewed at length by Bisplinshoff, Ashley, and Halfman
in chapters 5{pp. 200-20,) end T(pp. L1&-4,20) of Aero=-
elasticlity, Addlson-%esley Puvlisking Company, Inc., 1355.
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distinet equations, one rezl and one Imaginary. The value

of % which results in a real and positlive value of -%g

w
that satisfles both real and imsglnsry equations determines
the flutter speed and fluttep frequency. As may be evident,

this 1s inherently.a trial-and-error procedure, usually

requliring seversl cholices of %, for each of which the aero-

dynamlc terms are computed and the correspondling stability
equstion obtained.34 Since the roots of the stabllity
equatlon are complex, an alternstive sand widely used epproach
to the solution involves the introduction of an additional
unknown which may be chosen from among the varlous parsmeters
appearing inr£héréquilibrium equations of motion.

In the present application of flutter theory the

flutter frequency parameter _%. %as combined with & theo-
W

retlcal demping coefficient g to form the complex quantity
Q= ;% (1 + 1g). Solutions for 2 were thus formed for
W

each and values of w and £ were determined. 1In this

.
K

3b vetails of this method of solution for flutter are
glven by Theodore Theodorsen and I. E, Garrlck in Mechan!sm
of Flutter, A Theoretlical and txperimentul Investiyition of
the Flutter Problem, NACA Rept, No. b5, 1940, T
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procedure, advinced by Smilg and wasserman,35 the assumption
1s mcde In determlinant elements along the principsal dlugonal
that g = gq = g, where for speeds below flutter g 1s
necative and may be Interpreted as Indicative of the amount

of negative damplng energy required tc¢ cacce flutter ot oo o p-

ticulsr speed (or st & psrticular %). Consistent with this

viewpolnt, a flutter condition 1s obtained when g = C, and
the osclllutions ere self-msaintsined at constant amplitude,
corressonding to & borderline conditlon of neutral stability,

For velues of % greaster than thls critlesl point, the sipgn

of g changes from neéﬁtiﬁérto positive, proceeding into a
reglon of dlvergent or undamped oscillutions for & condition
wherein the energy of such oscillations 1s cspsble of causing
structural dlstortion or failure, The manner Iin which g
changes with alrspeed, or an alrspeed parumeter such as

3

Toor may be seen more clearly in Floure 5 for scme of the
‘Wa

flutter cslculations performed in this study. Attentlon 1is
directed to the solid curves, and, with the exception of
Flgure ©(¢), only the portions of the curves in the vicinity

of & flutter solutlion (1.,e., st intersectlons with g = 0)

are shown,

Z

25 Benjemin Smilg end Lee S. Wasserman, Ap:lic-tlon of
Three~Dlmensional Flutter Theory to Alrcraft Structures,
AFTR 45798, Vateriel Div., Army Alr Corps,, July 5, 1;5#.
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The dynsmlc behsavior of the fuel wes represented 1in
the flutter calculations by means of effective values of mass
and mass moment of lnertia glven in Figures | and 5 and the
messured damping coefficients ;iven in Table III. The
valldlty of using effective values for the Inertial propertles
has been established experimentally in previously referenced
work® in which flutter speeds of the model contuining fluid
were generelly dupllicated when the fluld was repluced by
solld welghts equivalent to the fluld in effective mess and
mass moment of inertia,

Solutlion of the stabillity equstion by means of the
dual unknown spproach Including damoing involves one more
concept that 1s also widely used, This concept repgards the
‘measured structural damping coefficlients as zero aslrspeed as
Indic+tive of the ability of a glven conflgursation, through
its 1inherent damping energy, to change the flutter speed from
that corresponding to g = 0. 1In this sénse the measured
Eh Or g, 1s consldered as positive and as providing a
flutter speed margin whose breadth depends both on the trend
of the theoretical g Vvalue with flutter speed and also on
the magnitude of g, or gd{t'The effect of applying this

assumption to the configuration used in this Investigation

36
Reese, op. cit,



may be seen rore clearly in Mlgure 59 wnich 1s dlscussed
further 1n the next chapter. It should zlso be emphesized -
in case 1t 1is not already obvious to the reader - that the
value of g, or g for &ll fuel loadlng condltions, with
the exceptlon of the fank-empty condition, 1s & measure of

not only structursl demping btut fluld damping ss well,
ANALYTICAL RESULTS

Flutter. The results of the anslytlcal program sare
11sted in Teble IV in the same order as the experimental
results listed in Table IIT, 3ince the tank was extern:1lly
mounted, partlcular attentlog wes directed to the effect cf
Including osclllsting asrodynemic forces and moments scting
on the tank, The effect of dsmplng 1s considered in the next
chapter., Tor the fuel-losded tank fixed at L0 per cent of
the wing chord aft of the wing lesding edge, linesr super-
position of the two-di&ensional wing forces and the slender-
body tank forces, according to the precedihs section, reduced
the flutter speed by 7 to 11 per ecent. For the tank~empty

configuration this reduction wss incressed from T per cent

W
for a frequency ratlo ;2 of 0.67 to 10 per cent for a
a

frequeney ratlo of 1.13. wWhen the empty tank was moved resr-
ward to 60 per cent of the wing chord aft of the wing leading

edge (see Tsuble ITI(b), the inclusion of the tank forces
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resulted In a reversed effect; that 1s, the flutter speed

was Incressed by 10 per cent for nearly the same frequency

ratio (see also Figure C).

Divergence. As a matter of passing Interest, stimu-

lated by the fact that the model without fuel encountered
ivercence, rather than flutter, with the tank c.r. at
20 per cent of the wing chord aft of the wing leading ed;e,
the effect of tank aerodynamic forces on the diver ence speed
was exemined using the ilver;ence speed equation slven 1n the
appendix. Recslling the force triangle shown In the intro-
duction, notice the position diverence occuples outside the
trlangle between the aerodynsmic and elsstic forces. The
Implication is that this phencmnenon 1s a static instaollity
which 1s 1ndeed the csse. Specificelly, static serocelastic
divergence of a 1ifting surface 1s an unstshle condlitlion in
which the aerodynamic and elastic forces intersct to clve
static deflections or displacements which are large enough’
to csuse distortlon or failure of the structure of the
1lifting surface. When the inertlal terms sre omitted from
both the mechanicsal and aerodynamlec parts of the equilibrium
8quatlions of motion for flutter, the unknown in the stabllity
equstion becomes a function only of veloclty (V), snd the

solution of the reduced equation ylelds the velocity st which
the surface will diverge, commonly known ss the dlverence

speed,
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Altrougk In :2ner~1 both bendlny 2nt torsional als-
nlucenznts rist te considerasd, tne tyoe of diverronce
encontered here 1s hnown ss tersicnsl dlvergence since,
as ras besn previously notsd, the chordwlse sectlions of
both wing anl tanz are conslderedl ri_id, .3 onl, the
torsional 3isslanenent {eqilvalant o the nliteh anzle or

anzle of sttack whlch are, of coursas, ldentlcal In thls lnves-
tiration) ls involved Consayientl,, as Ill.stratel In the
zppendly, the torslonal dlivers eanra spa2i1 Is foracd Ly
recstricting attentlicon to equattons Iavolvin: a; (a; In
this CJsV).57

2311ts of the dlvergence speed calculatlions nare

alon-slie

are also shown Iin Flgoare I, As can be
dlver-~cnce speeds obtained by lnolidin

aphrroximrately 10 per cent lower Lhsn

[a)

id 2

eirlacting

- [

tank

Considarable
Z)”.Qul’"‘i-.. 1
infor-ation

ct,

NTA/ A

LAEOA
‘,:iuCI‘
Pk ToaXnn

Trankiin 4.

for further
papera on Lais sun’le
znd Swert

on dlver;cnce ha
ILinsley Labvoratory,

!s referrei
nle, Diver s
in the Transonlic snd SJJPLQOHLP “Speed

fl:itter sheeds end

sezn, the cnlec . lited
= tank forces are

those outwnined by

3 been done by
nnd
any of =nls

cf DJeltu

to
') vaer:- r’l"ﬂ

,m,.
IS

Surteces
Hrng
—-_4.-—¢

TS h ARTED paper i1ls

/u’

ned April 1756,



CHAPT-R V
CORRELATION OF TIEQORY AND EXPERINENT

This chapter brings together the results of the
experiments1l and theoretlcal parts of thnls Investlo stion as
presented ln each of the two nreceing chsapters. TIn making

the comparisons attentlion is dir~cted to Figsures 6, &, and 9.
G%WNWRAL DISCISSTON

As can be seen in the filrures just referred to, the
use of effectlve values of mass and mass moment of lnertis
In the flutter calculations gave answers unlch agreed satls-
factorily with experlnent for nearly nll fuel condltlons.
Thls result has also been obtained experimentally for this
model in previously referenced studies38 which show excellent
agreement between the flutter speeds of the model with fluld
end the flutter speeds of the model with solld welzhts equlva-
lent to the fluld In effectlve mass and effectlve mass moment
of lnertla,

Nerlect of serodynamlc forces :nd moments acting on
the externsl tank led to célculated flutter speeds that were
as much as 11 per cent unconservatlive (1.e., hirher than

experimental flatter épeeds) for the fuel-losded conflguration

25
Reece, op. cit,
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(see Figure 6 for the tank 25 per cent full). %ith tank
ferces included, the celeulations veceme genernlly conserva-
tlve (i.e., calcnlated flutter speeds less than experlmentul
flutter speeds). As can be seen, theory sppears to follow
closely the experimentsl trend up to the ¢5 per cent full
condition, for which the calculat~d flutter speed was 1infinlte
whereas the experimentsl flutter speed was not.

Calculated flutter speeds were slsc conservatlve for

thie model in the empty condition with the tunk center of
gravity located at varlous chordwlse positions raengling from
70 per cent to 60 per cent of the wing chord aft of the wing
leading edre. As Flrure 3 shows, the differences between
calculated snd experimentsl flitter speeds smounted to sas
much as 21 per cent. Furtherrore, threory includling tank
aerodynamlc forces exhibits g somewhat more consistent
tendency te parallel experiment than does theory ne lecting
tanls forces,

It cun #leo be neted In Figure 3 that incluslon of tank
forces resulted In a cslculated dAivergence speed which apreed
well with the experimentul divergence spe d for the tenk ot
50 per cent of the wing chord aft of the wing lewilng edce,
but wss 6 per cent less than the exverimentsl flutter speed
when the tank was &t 40 per cent of the wing chord «ft of the

wing leading ed;-e.
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SOWT TURTIHER REMARKS ON DAMPING

A4S noted 1n the previous chapter, the introductlon of
damping into flutter calculations by setting g equal to
the experimental values gy or gg mey be =sssumed to pro-
vide a flutter speed msrgln whose dreadth depends on the
trend of the theoretical g value and the magnltude of g
or g,. ilowever, as may be obvious to the reader, thls
assumption is valid only 1f the calculuted flutter speed
corresponding to the larger value of g, or g, does not
exceed the zctuel or experimental flutter spesd. In many
applications of flutter theory with damping accounted for in
this manner the ceslculated flutter speeds are stlll conserva-
tive, but there =re ccses where use of thls assumption leads
to unconservative answers. WNeedless to say, this 1s an
undesirable situstion not only for the airplane manufacturer
but also for the alrplane pllot. It 1s just such a predlca-
~ment that exlsts for the conflgyuration studied 1in this
present investigetlon.

Figure 2 shows g as a function of flutter speed

coefficient EK— for all the tank fullnesses tested. As
Wq

previously noted, the solld curves deflne theoreticsl border-
line conditions hetween stuble snd unstuble motion over =
limited range of g 1n the vicinity of the theoreticsl

solution, Consistent with the assumption reg:rdlng damping,



61

tre erperimental flutter results from Teble III(e) ure
positionsd in Tlgure 9 sccording to experimental velies of
g ond Fa* The pelints ldentifled by the open clircles
eoresent speeds: at which the borderline conditlons betseen
stable and unstable motlon were first encountered experi-
mentally., The so0lld clircles reprosent experimentzl flutter
speeds within the unstsble region for «ll pertially full
conditlons in which the flutter amplitudes were limlted by
floid turbulence, as has alresdy been dlscussed., The theo-
retical solutions st g = 0 correspond to the calcul:ted
flutter sneecd retlos presented in Pipure 6 with tank aero-
dynamlic forces snd moments included.

It 1s luportant to note that tle effect of damoing
apresars to be more pronounced at the higher fuel loads, &as
1s indicuted by the consistent decrecse in the slope of the
theoretlcel curve. This behavior is attributed primaril; to
the fact that the frequency ratio passed throurh 1 s the
tank fullness apprecached 100 per cent. The broken line
snown 1n Flgure $(¢) roevresents the steble coniltion (i.e.,
no flutter) shown In ¥loure 7 for a torsional component of
the flutter amplitudes equal to 0°, |

This sensitivity of theory to small smounts of dam; ing
wns 150 typlcal of the cases of the enpty-tuinx confl urstion

tested with the tank in iifferent chordwise posltlons,
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Inclusion of dam.lns accordling to the assumption g = gy,
which was less than g, resulted In flutter speeds that
were unconservative by as much as 73 per cent with the tunk
center of gravity at LO per cent of the wing chord aft of

the wing lesading ed;e.
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Anrlyticenl flutter studies wers made for & two-

iimensional fuel-louied wings model, #né the recuits are

comnsred wi-h experimeatal results for veniing-to-torsion
freqiency ratlos near 1. Water, slioaiating fuel, wos
carrled externally in & eomotrically sealed stendard sir-
plrme fuel tank thst was pylon-mount=d s dlstesnce of auvout
tvo rnd one-h=1f times the tank redius ‘enesth the win_.
The resuilts of the investigatlon sppecsr to juslify the
following conclus'ons for thls configuraticn:

1. The conclusion of ;reviously referenced enperi-
mentsl studtes?) conrected wlith the nresent Investlijatlion
13 nerein recfflrmed snalvytlcally, namely, that eftectlive
values of mass and —gss moment of inertils should be wsed In
flutter calculsatlions of fuel-losisd wings.

2. Tnclusion of slender-tody sporoxinatlons to the
aerodynemic forees snd moment. sctlog on the e tsrnnl tank

4t flutber tended to imnrove trhe aorecment petween flatter

theory ~nd exp:.-irment.




6l
3. Artitrarily essumine the dampineg coefflicient at

flutter tc be elther m, cocr g pave coleculsted flutter

43

speeds thet vere unconservative (or hicher than experimental

flutter speccds) by wlde mareins.
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FLUTTER aND DIVEXGeiCi LW UATICNS FOR S—
TWC-DIVMZNSTON/L wWINA CONFINTRAT iON e

INCLUDING N LXTERNAL SUEL TANK

m

The analytical results presented in the main tody of

this paper were obtained by use of the equations cerived in
this sprencix, Ag previously noted, a Rayleigh—Hitz methoa

ci mnnalysis was emyloyed, and the aserodynamic forces snd

menents wer. avproximuated by s linear superposition of Lwc-

by

dimenalonanl theory Tor the wing and slencder-tody thecry for
the wr>rernnsl tink. The [lutler equstions are developed r'irst

and arc i'cllowed by the derivation of the vlvergence speed

As ncted in Chspter IV, the equi.ibrium equ tion of

metior of the rcdel at rlutter or each degree cf freedom is

clver. ber Lagrernge's equaticn which ray be written in the form

¢ fer ) _aL _ . (7)
"1t ()Q{ 3¢ 1 J’J
d L2

where L 1ig the Legrangian which is the difference between
the kinetic end potential energies cl' the system, qj is the

generallzed cocrdinate for the J-th degree ol freedor, and S

o)

€3 1is the generallzed [orce corresponding to the J-th degree
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of freedom. The dot over q: 1in this and subszeguent ecua-

J
tions represents the derivative with respect to time.

FLUTTER

Leriveation of the Lagranglan. As noted in chapter IV,

the two-dimensional chsaracteristics of the model and appa-
ratus, as 1llustrated in Figure 2, reduced the flutter mode
rerresentatlion tc a very simple form plven by the natursl

vibration mcdes hl and ay which are, respectively, rigid

vertlcal translation (quiyalent te hending) end rigid

o e |
angiiler rotation or piteh {equivalent tc torsion).4o

Assuming small values of hl and a4 consistent with
the concept of linear thebf&ﬁgﬁérboﬁéidering hy as positive
down and a, &s positive for leadins edpe up, the instan-
taneous position of the model is shown in the following
sketch:

----- i~ Model at rest

by N
Airstream ; AT hl<+bxa sin ay =hl4-bxaa1

+a) I"‘“\-—\

Elastic axis~;:::i

for small ay

ol eravity

4o See equatlions (Sa) and (6u).
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where tm

o 18 the mass of the torsicnsl sprines (see Fig-

ure 2) and ™ 1s the mass of the mcdel in piteh, that Is

m f\/i m dy + Mgy = mo & Mg
opan
where the Intepgral arplies to the wine, 8 1s the wing span,

and ﬁT 1s the mass of the external tank. For the mass

moment of 1nertia of the model about the center of cravity,

IO = J[. Io dy + IOT = Ios + IoT
Span

where, simllarly, the iIntegral applles to the moment of

Inertla of the wing about the center of pravity, and fﬂT is

the moment of inertia of the external tank about the center
of gravity.
Denoting the kinetic energy by T and the potentisl

energy by U,

LzT-0U = %-ﬁ(ﬁl " bxa&l)a + %(Ama)ﬁlg + % ioélz -
l-— 2 . 2 =
2<K1 ¥ igh>khhl ! (l * ipa>kaa1tl ()

which, after expandine and combining certalin Inertlial terms,

becories




-~J
N

L = % i'ﬁle + mbx hlal + % ia512 -

J—

1 2 2 o,
Elkl + 1gh)khhl + (1 + iga)kaal ! (Ea)

—

where m' = W + &m_, I =1+ (bxa)gﬁ, 7, 1s the trans-

lational damping coefficlent, and ga is the pitching damping

coefflcient.

As noted in chapter IV, the vealue of or g, is

&
! considered as a measure of the comblned structural and fluild

damping for &ll fuel loadings. If the fluld 1In the model 1s
i ' , regarded as havinp an effect on the structural damping coef-

! ficient then it seems reasonable to apply the structural

‘damping concept commonly used in flutter ‘theory to cases

involving fuel loads as well. While in the solution of

~natural vibration roblom5! damping is usually introcduced as

LI R R R R

- force proportional to the velooity'of the oscillations

(i €., the frequency)

the type of dampinp 1mporuant in clas-

: sical flutt;,ﬁ rather than fre-

7'quency b1 ag pointed out by Scanlan and Rosenbaum b2 this

type of dampinp, known'as el ther structural uamping or

structural frictlon, may be introduced 1nto the f[lutter

41 For further d*scusoion on this matter see Theodorcen

- ““and Garrick, op. cit.

42 scanlen and Rosenbaum, op. cit




enalysls elither by defining dissipation functions, which
would appear in the generalized torce Qj, or by prefixing to
the stiflness terms the guantities 1 + i1gy, for the bending
mode and 1 + ig.  for the torsioneal mode, as has been done

In equaticns (£) and (Ea) above.

Derivation of thc generslized forces and mcments. The

generalized force Qj corresponding to the generalized

coorcilnate q_'j is defined accor.ing to the principle of

virtual work as Qj = OW where &W 18 the virtusl work done
Oqj

by the force moving through a virtual or j;ossiile displ:cement
bqj which 13 an infinitesiﬁalrdisylacement that does not
violate the constraints of the system. Accordling to this
principle, if & glven system is in equilibriurm, the condition
that it remain in equilitrium under the actlon of verlcous
forces, which can be ilnertlal forces as well as stutie forces

in accordance with D'Alembert's Princiizle, 1s that

Applylng this condition to the present wing-tank configuration,

57 = @ 6hy + Qpbay =0 (3)




5
where Qh and Q, are the external force and moment glven
by, respectlively, the aerodynamlc forces and moments acting
on the wing and external tank. The sum of the products of
&, and Qa by the virtual displacements ©Oh,; and baq,
respectively, through which these quantities move, giQes the
virtual work which must be zero so as not to violate the
constralnts of the system.

The unsteady aserodynamic forces and moments acting on
the wing and external tank are shown in the following sketch

of the instantaneous position of the confilpuration:

Model &t rest

Alrstream
= Elsstic axis
M
a,T =T
(\\ T Wing
TT——__ External
tank
Thus, uslng equation (9),
:ﬂ—.z- —_6&-- N
Q, Shy P+ Pp and Qy = a; " Mot Ja,T (10)

Ps =snd

g
Hi
laell ]
Q2
<
i
<4
[}
I
)\«
p._
jo ¥
o
I
=
2
14+]
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in terms of the two-dimensional aercdynamic force F and

moment Ma on each spanwise strip of the wing. Expressions

for P,

Ma» PT, and Ma,T are presented later on In this

development.

General form of equillbrium equations. Employing hl
and ay &s generalized coordinates 1n equation(ﬁ)leads to

the simultaneous equations

d(3L) _ oL .

at <ahl> ohy Qﬂ (7a)
and

& faL\ _ BL _

dat <8&1> day Qa (70)

Substitution of equations (8z) and (1C) in equations (7a)

and (7b) (after performance of the matnematical operatlons
indicated in equations (7a) and (7b)) results in the followine
equilibrium equations of motion of the wing-tank configura-

tion subjected to unsteady serodynamlc forces and moments:
ﬁvHI + ﬁbxaal + (1 + igh>khhl - (F + PT) = 0 (11)

I by + mbx hy + (1 + iga>kaal - (Ma + MG’T) =0 (12)
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Imposing the conditlon of simple harmonic motion,“3 atten-
tion 18 restricted to sclutions of these equations of the

form hy = hl’oei‘*’t for translation and aj = al’oeiwt for

pitech. Substitution of these expressions into equations (11)

and (12) results in

1]

-fi'w?hy - mbx e, + (1 - igh>khh1 - (5 + PT> 0 (1lla)

I .2 = 2 by _ -
-Iaw a, - mbxaw a, + (1 + iga)kaal - (Ma + Ma,T) = 0 (12a)

for the genersl form of the equllibrium equations at flutter.
At this point, it may be of interest to note that when

P=Pp=M =M = 0, these equatlons can te solved for two
T a a,T

values ¢of w which will be the ccunlc 1 {requencies, both

involving the h and o components of the system at zero

airspeed.hu

Aerodynamic forces and moments on the wing. osXpressions

for P and M(1 appearing in eguation (10) are those derived

by Theodorsent5 for two-dimenslionsl, incompressible,

b3 Thls assumption 1is corslstent wlth osclllatory
type of motion implied In the borderline condltion between
stable and unstable motion. Eee Theodorsen, op. cit.

Ly This neglects the effects of stationary (or
ambient) air surrounding the system at rest.

45 Theodorsen, op. cit.
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potentisl flow. Omitting conslderaticn of the alleron,
these expressions may be written in terms of hy and a3

as follows:

= -npb2(vfxl +ny - ba?-El) - 2mpVbL(F + 1@)[\&11 +hy + b(% - a) al]

(13)

— —_

- - 2 l - . 2 1 2.. - i
M, = -mpb t(e a)Vba1 + b (6 + a >a1 abh, | +

2 1\ e o s A & I
2mpb V(é + 5)(P + 16)[}a1 + hl + b(; - a)a¥] (1)

where p 1s the mass-density of the alrstream, b 138 the
wing half-chord, a 1s the dimensicnless distance of the
elastic axls relative to the wing mid-chord, and F and G
identify the circulatory portions of the aerodynamic forces
and moments.ué Again, slince the model is assumed to be '

.. _ 2
hl = =W hl’

oscillating simusoidally, hl = 1mhl, &1 = iwal,

i~ 2
and a1 = -w7aq,

written In the form

whence equations (13) and (1ll) may be

L6 F and G a&are given In terms of Bessel functlions
of the first and second kind and of zero and first order in
equations (XT7T) and (XTII), 1hid.



where

ca

I}

I

h
- 211 (1"
P = -mpbw {£; A, ¥ alAc;1 (13a)
g_h
Mg = -npbuw Lj% Agy * alAa%} (1ha)
Ay, = -1+ 12(F + 16) L = -1 - 20+ 3 &F
c bw k k
1 Moy a + 2(F + 1iG) v € + 12(F + 13) i a v
bw T lew T2 bw
2F 2<1 > 1,26, 27 (1 )
a+—=-=\|=s-a'|+llo+ =+ -5~ 2
2 x\2 " °% [:k 2k \2
Aahza-i2(F‘+iG)(%+a)(%/—m>
- A ek (1
=a+ T35+ a> - 1 T (2 + a)
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and % = ﬁg which 1is known as the reduced wave lenpth.u7

Aercdynamic forces and moments on the external tank.

The oscillating aerodynamic forces and moments acting on the
external tank are essentially identlical to those derived by

application of slender-body theory in a previous and somewhsat

L7 The expressions for A,,, Agqs Agns, HAgq are
identlcal to those ~lven by Barmbty, Curnlingham, and Garrlck
in Study of Effects of Sweep Cantllever Wings, NACA Rep.
No. lOlh, 19C1. -
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related investigation.ue As noted in chapter 1V, this theory
13 based on the assumption that the flow normal to the air-
stream is two-dimensional, and thils assumption requires that
the external tank be long and slender (l1.e., have s high
fineness ratlc). From Tables I and II the lenzth to meximum
diameter gives & fineness ratio of 7.13 which is higsh enough
for the external tank to be consldered a slender body so that
the theory was applicab}.e.h9 |
The application of slender-body theory begins with
the determination of the momentum, in a direction normal to
the airstream, of the virtual, or apparent mass, which may be
defined as the mass of air displaced by a finite length of
the body accelerating in this direction. For a body of
revolution the apparent mass for an element dx of the body

1s simply wpre(x)dx. For the external tank of the present

L8 S. A, Clevenson, E. Widmayer, Jr., and Franklin W.
Diederich, An Exploretory Investigation of some Types of
Aeroelastic Instabilitx of Open and Closed Bodles ef Revolu-
tion Mounted on Slencer cttruts, NACA TN 330G, November 19ty
in the appendix for closed bodles of revolution. In this
derivation the length along the body 1s measured af't of the
nose of the body, whereas In the present paper the oriein 1s
chosen at the quarter-chord of the wineg, 538 1s shown in this
sectlon.

ks This statement 1s based on the work of H. Ashley,
G. 4artarian, and D. 0. Neilson, namely, Investigation of
Certaln Unsteady Aerodynamlic LEffects in Longltudinal Lyramic
Stabllity, WADC AFIR 5986, December 1551, in which the rance
of fineness ratios for which slender-body theory 1s con-:
sidered valid is dlscussed.
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configuration, at any statlon x on the body the total normal

-

veloclty is hy + Vap + (x - ea)&1 in terms ol the trans-

lational velociiy of and the pitching veloclty about the wing
elastic axls, together with the free-stream component due the

pitchine alsplacement a . The orientation of these veloci-

tles 1s shown In the following sketch, the directlons of the

velocitles bvelng considered positive as shown:
wing quarter-chord x
> Tank at rest

>

Vv hl
—_— /r Yilne elastic ax h1+-Val+~(x-ea)a1

> T 1
s S et

Denoting the momentum, per unit length, of flow

perpendicular to the tenk by I,

I, = nprz(x)[él + Val + (x - ea>&£l (1%)

Accordinpg to Newton's second law of motion, the force per
unit length Is equal to the time rate of chan~e of the

momentum, and since IZ 1s a function of both x and time,

aI 31 31 31, 3l
—TE oo |z dx ——5\ - V[ —2 + % (16)
at at ) 3x 3t
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where the negative sipn indicates that the air opposes the
acceleration of the tank in the positive directions indicated
in the foregolng sketch. Substitution of eguation (15) into
equation (16) results in

z

222 o ipoVin, & p2 a2
=% pr[él ix T (x) + Vay 55 r (x) +

dh da
WprZ(x) ?ﬁ% + Va1 + <x - ea> ?ﬁ% (16a)

Imposingr the requirement of simple harmonic motion, as
before, and integrating over the length of the tank to
obtaln, respectively, the total osclillatine serodynamic force

and moment about the elastic axls of the wing,

_ iz 2 2 ©
Pp = J[ 3t dx = pVpw hl - pVTw al(?a - ep + 1 k)
Tank

and
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where

Vr =J[ mre (x)dx
Tank
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the lencth of the tank.




Derlvation of the stebllity equations. If equa-

tions (13a), (1lha), (17), and (1l¢) are substituted into equa-
tions (1lla) and (1l2a), and if Rayleich type approximatlions

are introduced 1in terms of the uncoupled frequencies given

NA

by w, = -2 and ., 2 = 22 the equilibrium equations of
h = a =
a
motlon of the wing-tank configuration at flutter can be
obtained in the followine compact form after performsnce of
certaln algebralc manipulations and introduction of certailn

dimenslonless parameters which will be defined shortly:

hy
b
where All’ Bll’ Dll’ and Eli represent the aerodynamic,

inertial, and elastic forces Interacting at flutter and where,
in addition, the unknown frequency and damping coefficlent

are contalned in A and E,,. The condition that theres

11 11
hy
exist solutions for Y and @y, other than the trivial
hy :
solutlion < = a7 = 0, is that the determinant of the coef-
hy

ficlents of ey and ay shall vanish. Thus, for each value

of %,



A11B1y

Dy1E)y

which leads to the flutter condition.

for the determinant elements are '

[0g)
(on)

' (19)

Detailed expressions

2.\ 1
A11_=é - wp, n>;7- (Ach ' AchT>

where 0 = =5 (1 + 1g), the dimensionless parameters pre-

viously mentioned are «x' = mpbTs X

I _ prZS
- a? K= - ’

m! m
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I
ra2 = —33, and where the aercdynamic coefficlents for the
b

1

external tank are pglven by

Benp = = =

- €p = €y 1
AahT - AChT ("""‘b—“‘ + iﬁ)

8dr

wbs

DIVERGENCE

As noted 1n chapter IV, torsional divergence 1is
definedsas astatlc aeroelastic instability involvinpg only the
torslonal (pitching in this case) displacement of the e]a;tic
body beling considered. In applying this definition to the

wing-tank conflguration studied in this paper, h1 and w

are set equal to zero, whence F + 1G approaches unity as
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% becomes infinite,so and the flutter equations developed

In the preceding sectlion reduce to

.2 2
raawalz - EEQE_E (a + %) - BV VT 0 (20)
m < mbls

which, when solved for V, glves the divergence speed

2
VeV, =be |8 1 (21)

d apeo 1
C(& + -2-)* AChT

The divergence speeds presented in the main body of this

paper were calculated by means of this equation.gl

g0

c
>1 por the two-dimensional wing alone, that is
AChT = 0, thls equation reduces to that civen by Theodorsen

Theodorsen, op. ¢it., Figure [.

and Garrick, op. cit.



